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Inertial effects play an important role in classical mechanics but have been largely overlooked in quan-
tum mechanics. Nevertheless, the analogy between inertial forces on mass particles and electromagnetic
forces on charged particles is not new. In this paper, we consider a rotating non-interacting planar
two-dimensional electron gas with a perpendicular uniform magnetic ﬁeld and investigate the effects
of the rotation in the Hall conductivity. The rotation introduces a shift and a split in the Landau levels.
As a consequence of the break of the degeneracy, the counting of the states fully occupied below the
Fermi energy increases, tuning the Hall quantization steps. The rotation also changes the quantum Hall
plateau widths. Additionally, we ﬁnd the Hall quantization steps as a function of rotation at a ﬁxed value
of the magnetic ﬁeld.
 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).Introduction
Since the discovery of the integer quantum Hall effect (IQHE) in
1980 by von Klitzing et al. [1], the two-dimensional electron gas
(2DEG) in a strong perpendicular magnetic ﬁeld has been a subject
of intense study, both experimentally and theoretically. The IQHE
is a macroscopic effect of solid state physics and it is characterized
by a quantized Hall conductivity which is given by integer
multiples of e2=h, where e is the electrical charge and h is Planck’s
constant. The quantization of the Hall conductivity has been mea-
sured to 1 part in 109 [2,3]. This precision reveals the topological
nature of the Hall conductivity, which does not depend on the
material, geometry and microscopic details of the sample, and
makes the IQHE very useful in the ﬁeld of metrology. The
properties of a charged particle in a magnetic ﬁeld are important
also in other ﬁelds as high energy physics, atomic physics and
astrophysics, as was pointed out in [4], which has attracted even
more interest in the study of the IQHE.
The Coriolis force acts on a particle of mass m very much like
the magnetic force on a charged particle. This analogy has been
explored by Aharonov and Carmi [5,6] in the early 1970s, by Saku-
rai [7] in 1980 and by Tsai and Neilson [8] in 1988 in the context of
a rotational quantum phase similar to Aharonov–Bohm’s. The idea
of rotation working as an effective magnetic ﬁeld is in fact quiteold. In 1915 Barnett [9,10] already published a paper on magneti-
zation by rotation which has recently had a renewed interest
applied to nanostructures [11,12]. A rotational analog of the classi-
cal Hall effect has been proposed [13] and the inertial effects of
rotation in spintronics studied [14–16]. Based on the same analogy,
Dattoli and Quattromini [17], introduced Coriolis quantum states
analogous to Landau levels (LLs). This analogy also appears in the
study of rapidly rotating Bose–Einstein Condensates [18], for the
Hamiltonian describing a rotating gas in a harmonic trap is similar
to that for charged particles in a magnetic ﬁeld. The subject of ana-
log Landau levels has been recently approached in the more general
context of combined non-inertial, gravitational and electromagnetic
effects by Konno and Takahashi [19] who were interested on
quantum states on the surface of a rotating star. The Quantum Hall
effect under rotation has been discussed in more general grounds
in [20,21].
The Coriolis force does not come alone. Its companion, the cen-
trifugal force, will be also felt by the particle in the rotating system.
Together, the Coriolis and centrifugal contributions to the quantum
Hamiltonian lead only to a coupling between the particle angular
momentum and the rotation, for the case of a spinless particle. This
gives rise to non-degenerate, sample-length dependent, Landau
levels [20,21]. Neglecting the centrifugal part, besides this cou-
pling, there appears the richer structure of rotational Landau levels
[17]. On the other hand, if we are free from the centrifugal force we
end up with a Landau levels system that includes the coupling
between the particle angular momentum and the rotation. It
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assumed, then the Euler force should be included in the analysis.
The system of our interest consists in a non-interacting free
electron gas in a rotating planar conductor with a uniformmagnet-
ic ﬁeld applied perpendicular to the rotating plane. Our purpose is
to investigate the quantum Hall effect in this system, analyzing the
inﬂuence of the rotation in the Hall conductivity. Charged particles
in a rotating Hall sample were already studied in Ref. [21], where it
was pointed out that the quantization of the Hall conductivity is
not affected by the rotation. However, as it will be shown here,
the rotation breaks same degeneracy of the LLs and the counting
of states fully occupied below the Fermi energy may change, alter-
ing the Hall quantization steps.
The paper is organized as follows. In Section ‘‘The spinless
charged particle’’ we write out the Hamiltonian of a charged parti-
cle in a rotating disk in the presence of a magnetic ﬁeld and ﬁnd
the energy spectrum. In Section ‘‘Electronic structure’’ we analyze
the electronic structure, showing that the rotation induces a shift
and a split in the Landau levels. In Section ‘‘Hall conductivity’’ we
investigate the inﬂuence of the rotation in the Hall conductivity.
The paper is summarized and concluded in Section ‘‘Conclusion’’.
The spinless charged particle
Let us consider a free particle in a rotating disk with a uniform
magnetic ﬁeld perpendicular to the disk [see Fig. 1]. The Coriolis
and centrifugal forces are given by
~FCor ¼ 2mð~v  ~XÞ; ð1Þ
and
~FCen ¼ m~X ð~X~rÞ; ð2Þ
respectively. These forces enter the Schrödinger Hamiltonian as a
vector and scalar inertial potential [5,6] given by
~Aine ¼ 12 ð
~X~rÞ ð3Þ
and
V ine ¼ 12 ð
~X~rÞ2; ð4Þ
respectively, and the Hamiltonian is written as
H ¼ 1
2m
ð~p 2m~AineÞ
2 þmV ine: ð5Þ
A magnetic ﬁeld ~B applied in the laboratory will be felt by charged
particles in the rotating reference frame as an electric and a
magnetic ﬁeld given by [15]Fig. 1. A rotating disk with a perpendicular uniform magnetic ﬁeld. The rotation
speed and magnetic ﬁeld vector are in the z direction.~E0 ¼ ð~X~rÞ ~B ð6Þ
and
~B0 ¼ ~B: ð7Þ
Therefore, the Hamiltonian in cylindrical coordinates of a
particle in a rotating disk in the presence of a magnetic ﬁeld, with
~X ¼ Xz^ and ~B ¼ Bz^, can be written as
H ¼ ½~p q
~Amð~X~rÞ2
2m
mð
~X~rÞ2
2
þ qV ; ð8Þ
where V and ~A are the scalar and vector electromagnetic potentials,
and are given by
V ¼ XBr
2
2
; ð9Þ
~A ¼ 0;Br
2
;0
 
: ð10Þ
Thus, the Hamiltonian can be summarized to
H ¼ p
2
2m
 arp/ þ br2; ð11Þ
with
a ¼ qB
2m
þX; ð12Þ
b ¼ q
2B2
8m
: ð13Þ
For this Hamiltonian, the Schrödinger equation can be written as
 h
2
2m
r2wþ iah @w
@/
þ br2w ¼ Ew: ð14Þ
With the ansatz w ¼ RðrÞeil/, Eq. (14) becomes
r2R00 þ rR0 þ ðr2r4 þ kr2  l2ÞR ¼ 0; ð15Þ
where r2 ¼ q2B2
4h2
and k ¼ 2mh Eh qBl2mXl
 
. Writing rr2 ¼ n and
looking to the asymptotic limits when n!1 and n! 0, one can
propose a solution of the form
RðnÞ ¼ en2njlj2uðnÞ: ð16Þ
Replacing it in Eq. (15), one gets
n
d2u
dn2
þ 1þ jlj  n½ du
dn
þ k
4r
 1
2
jlj þ 1ð Þ
 
u ¼ 0; ð17Þ
that is a conﬂuent hypergeometric equation, which has solution
u ¼ A  F k
4r
þ 1
2
jlj þ 1ð Þ;1þ jlj; n
 
; ð18Þ
where A is a constant and Fða; b; zÞ is a conﬂuent hypergeometric
function, in this case, degenerate. In order to have a ﬁnite
polynomial function (the hypergeometric series has to be conver-
gent in order to have a physical solution), the condition a ¼ n
has to be satisﬁed, where n is a positive integer number. From this
condition, the discrete possible values for the energy are given by
En;‘ ¼ hxc nþ ‘2þ
j‘j
2
þ 1
2
 	
þXlh; ð19Þ
where xc ¼ qB=m is the cyclotron frequency. The wave function is
w ¼ Aeil/rr
2
2 ðrr2Þ
jlj
2  F  k
4r
þ 1
2
jlj þ 1ð Þ;1þ jlj;rr2
 
: ð20Þ
One can notice that the values of ~B and ~X are arbitrary. Therefore,
one can adjust the rotation and the magnetic ﬁeld for different
values.
Fig. 2. The energy levels obtained from the energy spectrum.(24) for n ¼ 1. All the
levels with ‘P 0 are degenerate.
Fig. 3. The energy levels obtained from the energy spectrum (25) for n ¼ 1. The
possible values for the energy are separated by hxc=2, as in the harmonic oscillator.
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and, therefore, we ﬁnd the usual Landau levels in (19),
En ¼ hxc nþ ‘2þ
j‘j
2
þ 1
2
 
¼ hxc mþ 12
 
: ð21Þ
With B ¼ 0, we have only inertial forces acting in the system.
This was done in 1999 by Johnson [20], who showed that
w ¼ J‘ðjkjrÞei‘/; ð22Þ
and
E ¼ h
2k2
2m
þ ‘hX; ð23Þ
where J‘ is the Bessel function and the energy spectrum is obtained
from the boundary conditions in the disk. One can ﬁnd this result
calculating the limit of the function (20) when B ! 0, and extracting
from the new wave function (Bessel), the new condition for the
energy. It is important to note that one cannot obtain the expression
(23) only substituting B ¼ 0 in our energy spectrum (19), because
the energy must be obtained using the boundary conditions that
is provided by the Schrödinger equation. So, when we choose
B ¼ 0 in the Schrödinger equation, the Bessel equation is obtained,
no longer the hypergeometric equation. Note that for B– 0, the
resulting equation is hypergeometric, resulting in a Landau-like
spectrum that is independent of the edge of the sample. It is a con-
sequence of the fact that a weak magnetic ﬁeld is enough to conﬁne
the wave function, so the edge is not important. However, with
B ¼ 0, there are quantized non-degenerated energy levels that are
inﬂuenced by the edge of the sample.
Electronic structure
Before analyzing the electronic structure for a general case, let
us ﬁrst consider two special choices for the rotation and the mag-
netic ﬁeld. The ﬁrst case is X ¼  qBm , which represents a system that
has only magnetic and Coriolis forces, i.e., the electric and centrifu-
gal forces vanish. The second one is X ¼  qB2m, which represents the
inverse. The magnetic and Coriolis forces vanish, remaining only
the electric and centrifugal forces. Then, substituting these choices
in Eq. (27), one can ﬁnd that the energy levels are given by
En0 ¼ hxc n0 þ 12
 
; ð24Þ
for the ﬁrst case and
En00 ¼ hxc n00 þ 12
 
; ð25Þ
for the second case, where n0 ¼ nþ j‘j2  ‘2 and n00 ¼ nþ j‘j2 . One can
note that in the second case, even though with the vanishing of
the magnetic force and without the vector potential appearing in
the ﬁnal Hamiltonian, a Landau-like quantization still exists.
The states are degenerate in both cases. One can see this by
analyzing the numbers n0 and n00 in Eqs. (24) and (25). In the ﬁrst
case, different combinations between n and ‘ give the same n0,
which means the same energy. In particular, all states with ‘P 0
for a given n are degenerate [see Fig. 2]. This is what happens in
the usual Landau levels, except that in the LLs for the same value
of n, the states are inﬁnitely degenerated with ‘ 6 0. So, the result
of the ﬁrst case is the usual Landau levels with reversed charge. It is
important to note that the number n0 is always integer for any
combination between n and ‘. In the second case, it is also possible
to obtain different combinations between n and ‘ resulting in the
same value for n00. One can note that n00 is integer or half-integer,
which means that the energy gap between two levels will behxc=2 [see Fig. 3]. All levels are inﬁnitely degenerated too. Then,
in the second case the energy levels are equivalent to the ones of
the harmonic oscillator.
In order to consider the general case one can relate the rotation
and the magnetic ﬁeld as
X ¼ a
2
qB
m
; ð26Þ
where a is a real number. This expression covers all possible
combinations between B and X. One can see that the two special
cases discussed previously represent a ¼ 2 and a ¼ 1,
respectively. So, the energy levels can be written as
En;‘ ¼ hxc a2þ
1
2
 
‘þ j‘j
2
þ nþ 1
2
 	
; ð27Þ
which allows us to plot the energy spectrum as a function of a, as
done in Fig. 4. The red, green and blue lines represent states with
‘ ¼ 1;0;1 respectively. Each line represents a value of n, and the
lowest line is n ¼ 0. As can be seen, the levels with positive angular
momentum are shifted up when a increase, while states with
Fig. 4. The energy levels obtained from the energy spectrum (27) for ‘ ¼ 1 (red),
‘ ¼ 0 (green) and ‘ ¼ 1 (blue) as a function of the parameter a. Each line represents
a value of n and the lowest line is n ¼ 0. When a increases, the energy levels with
positive angular momentum are shifted up, states with negative angular momen-
tum are shifted down and the levels with null angular momentum stay unmoved.
(For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)
Fig. 5. The Hall quantization steps as a function of the magnetic ﬁeld for X ¼ 0
(dotted line) and X ¼ 50 GHz (continuum line). We are considering only states with
‘ ¼ 1;0;1 and EF ¼ 6:24 meV. Each step for case with X ¼ 0 becomes three when
X– 0.
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angular momentum do not change with a. One can see that the
states with ‘ ¼ 1 and ‘ ¼ 1 are symmetric with relation to
a ¼ 1, which explains the fact that the special case with a ¼ 2
is equivalent to the usual LLs ða ¼ 0Þ with reversed charge. In con-
sequence of this symmetry, there are crossings between states with
‘ ¼ 1 and ‘ ¼ 1 at a ¼ 1, which mean that they are degenerate.
The crossings remain at other integer values of a, but in these cases
the degenerescence is between states with different values of n.
When a is an even integer the levels with ‘ ¼ 0 are degenerate with
the states with ‘ ¼ 1 and ‘ ¼ 1, which does not happen at an odd
integer value of a. There is no degenerescence among these states
when a is not an integer.
Therefore, as was discussed above, the rotation affects directly
the Landau levels, inducing a shift and a split of the states. The shift
has no important physical consequences, however the split of the
levels will affect, for instance, the quantum Hall effect. This will
be discussed in the next section.
Hall conductivity
At zero temperature and considering that the Fermi energy EF is
in an energy gap, the Hall conductivity can be written as [23]
rHðEF ;0Þ ¼ eS
@N
@B
; ð28Þ
where N is the number of states below the Fermi energy and S is the
area of the surface. The density of states is given by
nðEÞ ¼ jeBj
2ph
X
n;l
dðE En;lÞ: ð29Þ
Therefore, one can obtain N, that is given by
N ¼ S
Z EF
1
nðEÞdE ¼ SjeBj
h
 n ð30Þ
where n is the number of fully occupied LLs below EF . Thus, the Hall
conductivity isrH ¼  e
2
h
n: ð31Þ
One can notice that the Hall conductivity obtained here has the
same form as in the case without rotation, in agreement with
[21]. Nevertheless, due to the break of the degeneracy of the LLs
induced by rotation, the number of states fully occupied below
the Fermi energy may change.
In Fig. 5 we plot the Hall conductivity as a function of the mag-
netic ﬁeld for X ¼ 0 and X ¼ 50 GHz. In fact, it is plotted rH=r0,
which is the number of fully occupied LLs below EF , where
r0 ¼ e2=h. When the magnetic ﬁeld increases, all states increase
their energy and begin to cross the Fermi Level, creating the Hall
steps. It should be mentioned that we are considering only states
with ‘ ¼ 1;0;1. In the case with X ¼ 0, when the magnetic ﬁeld
increases, the next step is always wider than the previous one. This
is a consequence of the fact that the distance between two subse-
quent Landau levels increases with the magnetic ﬁeld. In contrast,
for X– 0, the next step is not necessarily wider than the previous
one. It is due to the break of the degeneracy among states with dif-
ferent values of ‘ introduced by rotation. So, each step, in the case
with X ¼ 0, becomes three for X– 0. Therefore, for X – 0, each
step is wider than the previous third.
The Hall conductivity versus the rotation speed with a ﬁxed val-
ue of the magnetic ﬁeld is plotted in Fig. 6. Looking to the energy
spectrum (19) we see that when the rotation speed increases,
states with positive values of ‘ are shifted up, while states with
negative ‘ are shifted down. Energy levels with null angular
momentum do not change with the rotation. Thus, changing the
rotation there will be states crossing up and down the Fermi ener-
gy, enabling different behaviors for the Hall quantization steps. In
Fig. 6 we are considering only states with ‘ ¼ 1;0;1, as in the
previous case. It is possible to see that the number of states fully
occupied below the Fermi energy can increase, decrease or oscil-
late when the rotation changes continuously. The negative values
of X in Fig. 6 means that the rotation is in an opposite direction
with relation to the magnetic ﬁeld.
At speciﬁc values of X there is a sharp drop in the conductivity,
which are represented by the vertical lines in Fig. 6. It happens
because for these values of X the parameter a is an integer and
states with ‘ ¼ 1;1 are degenerate, as can be seen in Fig. 4, which
reduce the number of states below the Fermi level. Then, it is
Fig. 6. The Hall quantization steps as a function of the rotation for B ¼ 10 T and
EF ¼ 6:24 meV. When the rotation modulus is lower than 100 1011 Hz the Hall
conductivity oscillates. For higher values of the rotation speed our model is not
valid.
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the modulus of the rotation speed increases up to values around
100 1011 Hz, the Hall steps have a teeth-like aspect, independent
of the direction of the rotation, which means that after an energy
level crosses up (down) the Fermi energy another level crosses it
down (up). For higher values of the modulus of the rotation speed
the number of fully occupied levels below EF begins to increase, in
contrast to the previous case, where the Hall conductivity decreas-
es when the magnetic ﬁeld increases.
It is important to say that for high values of the rotation speed
our model is not valid, because here we are not considering
relativistic effects. The velocity v in the edge of the sample is given
by v ¼ RX, where R is the radius of the disk. So, in order to have no
relativistic values of v, the radius of the disk, with which our model
is valid, decreases when X increases.
Conclusion
In this paper, we investigated the inﬂuence of the rotation on
the quantized Hall conductivity. For this purpose, we considered
a rotating non-interacting planar two-dimensional electron gas
with a perpendicular uniform magnetic ﬁeld. We veriﬁed that
the rotation breaks the degenerescence of the Landau levels. How-
ever, when the relation X ¼ a2 qBm is satisﬁed and a is an integer,
there are degenerate states. We analyzed the electronic structure
for all possible values of the parameter a and emphasized two spe-
cial cases, a ¼ 2 and a ¼ 1. It was shown that at a ¼ 2 the elec-
tronic structure is equivalent to the usual Landau levels, but with
reversed charge. Whereas, at a ¼ 1 the energy levels are equiva-
lent to the ones of a harmonic oscillator. We found the Hall con-
ductivity, which is the same as in the case without rotation,
however, due to the split introduced by rotation, the counting ofthe states fully occupied below the Fermi energy change. Fixing
the rotation speed and plotting the Hall conductivity as a function
of the magnetic ﬁeld for states with ‘ ¼ 1;0;1, we found that
each Hall step for the case with X ¼ 0 becomes three when
X – 0, increasing the height of the Hall quantization steps. Addi-
tionally, we plotted the Hall conductivity against the rotation at
a ﬁxed value of the magnetic ﬁeld. It was shown that the Hall con-
ductivity oscillates when the rotation increases up to values
around 100 1011 Hz, for the values of the parameters chosen
here. This happens because states with positive (negative) angular
momentum are shifted up (down) when the rotation speed
increases. As a perspective, one can analyze the inﬂuence of rota-
tion in the quantum Hall effect of novel materials such as graphene
and topological insulators.
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